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Several models of choice compute the probability of selecting a given option by comparing the expected value
(EV) of each option. However, a subtle but important difference between two common rules used to compute the
action probability is often ignored. Specifically, one common rule type, the exponential rule, compares EVs via
a difference operation, whereas another rule type, the power rule, uses a ratio operation. We tested the empirical
validity of each rule type by having human participants perform a choice task in which either the difference or
the ratio between the reward values was altered relative to a control condition. Results indicated that participants
can compare expected rewards by either ratio or difference operations but that altering the ratio between EVs
produces the most dramatic changes in behavior. We discuss implications for several related research fields.

In experience-based choice tasks, such as the n-armed
bandit task, a decision maker selects an option in order
to maximize benefit and minimize cost. In the n-armed
bandit task, the participant makes repeated choices from
n different options, with the objective of maximizing total
reward by selecting the options with the highest payoffs
(Sutton & Barto, 1998). On each trial, the decision maker
must decide whether to exploit the option that has been
giving a good reward or to explore other options in order
to gain new information about the environment. This task
is analogous to many real-life decisions, such as whether
to dine at a new restaurant or to stick with an option that
has been successful in the past. Several of the learning
models developed for this task assume that decision mak-
ers compare the expected value (EV) of each option when
determining the response to select on the next trial (Buse-
meyer & Stout, 2002; Daw, O’Doherty, Dayan, Seymour,
& Dolan, 2006; Sutton & Barto, 1998; Worthy, Maddox,
& Markman, 2007). These models use a form of the biased
choice rule (Luce, 1959, 1963; Shepard, 1957) to compute
the probability of selecting each option. The probability of
selecting option « is equal to the EV for option a divided
by the sum of the EVs for all possible options.

Action selection rules are ubiquitous in models of
choice, and so it is important to understand their behav-
ioral predictions and to determine whether human behav-
ior conforms to the predictions of one selection rule or an-
other. Action selection rules have been incorporated into
models of choice behavior in animals (often in the form of
the matching law; Corrado, Sugrue, Seung, & Newsome,
2005; Herrnstein, 1961; Lau & Glimcher, 2005; Sugrue,
Corrado, & Newsome, 2004), similarity-based models of
category learning (e.g., Maddox & Ashby, 1993; Medin
& Schaffer, 1978; Nosofsky, 1986; Reed, 1972; Rodri-

gues & Murre, 2007), and many connectionist models of
action selection (e.g., Kruschke, 1992; Minsky & Pap-
ert, 1968; Rumelhart, McClelland, & the PDP Research
Group, 1986).

In this article, we focused on a subtle difference in the
implementation of action selection rules in computational
models that is largely ignored in the literature. Some mod-
els compare the ratio between the values representing each
alternative via a power function, whereas other models
compare the difference between the values representing
each alternative via an exponential function. Despite this
distinction between the models, decision rules are typi-
cally incorporated into models without explicitly choos-
ing one rule over the other on the basis of its psychological
properties. Although many researchers may understand
the differences between a power rule and an exponential
rule, there have been few systematic examinations of the
effects of using either action selection rule in modeling
applications (however, see Rodrigues & Murre, 2007).
Furthermore, there have been few empirical tests of theo-
retical predictions derived from using either rule.

In this article, we compared these decision rules theo-
retically and empirically. We started by deriving behav-
ioral predictions for power and exponential rules. To an-
ticipate, the predictions from a power rule are unaffected
as long as the ratio between the reward values remains
unchanged, whereas the predictions from an exponential
rule are unaffected as long as the difference between the
reward values remains unchanged. Next, we reviewed the
small number of studies that have examined the incon-
gruities between these choice rules. Finally, we empiri-
cally tested the theoretical predictions of these models
in two decision-making studies that used a variant of the
n-armed bandit problem.
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Ratio-Preserving Power Rules and
Difference-Preserving Exponential Rules

Equation | depicts a ratio-preserving power rule. The
probability of selecting option @ on trial # is determined by
comparing the ratio between the EV of choice a and the
EV of choice b on trial #:

3 EV,(a)
“' " EV (a)+EV,(b)’

In the Appendix, we show algebraically that the probability
of selecting option @ in Equation 1 is dependent on the ratio
between the EVs of options @ and b and, thus, is unaffected
by scalar multiplication of the EVs. We refer to rules of this
kind as power rules. Equation 1 has been referred to as the
matching law in the animal behavior literature (Herrnstein,
1961). Models of animal behavior often use a power rule to
compare the animal’s response probabilities with the actual
reward probabilities of each option (Herrnstein, 1961; Lau
& Glimcher, 2005; Sugrue et al., 2004; Williams, 1988).
Several popular models of category learning also use power
rules to compute the probability of each categorization re-
sponse—for example, the generalized context model (No-
sofsky, 1986; Nosofsky & Zaki, 2002), the deterministic ex-
emplar model (Ashby & Maddox, 1993; Maddox & Ashby,
1993), and the continuous-dimension version of RULEX
(Nosofsky & Palmeri, 1998).

Another action selection rule often used in computa-
tional models is the exponential rule. This rule is often
called a softmax rule in models of choice (Bridle, 1990;
Sutton & Barto, 1998). Here, the probability of selecting
option a on trial ¢ is given by comparing the difference be-
tween the EV of choice a and the EV of choice b on trial 7.
An example of a model using this type of exponential ac-
tion selection rule is

(1)

e[Ev, (@]

P = .
N
a e[Ev,(a)] + e[Ev,(b)]

@)

In the Appendix, we show algebraically that the prob-
ability of selecting option a in Equation 2 is dependent on
the difference between the EVs of options a and b and,
thus, is unaffected by scalar addition to the EVs. This
type of rule is often employed in models of choice for
tasks like the n-armed bandit problem (e.g., Busemeyer &
Stout, 2002; Daw et al., 2006; Sutton & Barto, 1998; Wor-
thy et al., 2007; Yechiam, Busemeyer, Stout, & Bechara,
2005) and in other domains, including human foraging be-
havior (Roberts & Goldstone, 2006) and category learn-
ing (Kruschke, 1992; Love, Medin, & Gureckis, 2004).

Power and exponential rules make different assump-
tions about how decisions are made. For example, con-
sider Decisions 1 and 2 with different EVs (represented in
points) for options a and b:

Decision 1: EV,(a) = 6; EV,/(b) = 4,

Decision 2: EV,(a) = 60; EV(b) = 40.
Here, the EVs in Decision 1 have been multiplied by 10
to create the EVs for Decision 2, so that the ratio between

the EVs remains the same, but the difference between the
EVs is much greater in Decision 2 than in Decision 1 (i.e.,

2 vs. 20 for Decisions 1 and 2, respectively). Thus, a power
rule yields the same probability of selecting option a in
both decisions (.60), whereas an exponential rule yields
different probabilities for selecting option a for Deci-
sions 1 (.88) and 2 (.99).

In contrast, consider a third decision:

Decision 3: EV,(a) = 86; EV,(b) = 84.

In this case, the EV's from Decision 1 have been increased
by 80 points, which maintains the same difference between
the two EVs as in Decision 1 but changes the ratio so that
it is different from that between the two EVs from Deci-
sion 1. The power rule now gives a probability of select-
ing option a of .51 for Decision 3, which is much smaller
than the probability of .60 given by the same equation for
Decision 1. However, the exponential rule gives the same
probability for Decisions 1 and 3 (.88).

Recently, Rodrigues and Murre (2007) examined the ef-
fects of using a power rule in place of an exponential rule
in several popular category-learning models by conducting
model fits using both choice rules. They first fit data from
Erickson and Kruschke’s (2002) experiment using four
models: ALCOVE (Kruschke, 1992), ATRIUM (Erickson
& Kruschke, 1998), and two extensions of ALCOVE—
exemplar-specific ALCOVE (ES-ALCOVE; Sakamoto,
Matsuka, & Love, 2004) and ALCOVEc (see Rodrigues
& Murre, 2007)—using the exponential rule used in the
original formulations of ALCOVE and ATRIUM. When
the exponential rule was used, they found that ATRIUM
provided a better fit to the data than did any of the three
versions of ALCOVE. They then considered using a power
rule in place of the exponential rule for each model.

Rodrigues and Murre (2007) observed that the two ac-
tion selection rules generally produced identical results,
except when extremely small values (e.g., .01 and .001)
were placed in the choice rules as activity values for each
category node. In line with the examples presented above
when .01 isused as EV,,and .001 is used as EV, the expo-
nential rule gives a very low probability for selecting op-
tion a (.502), because of the small difference between the
EVs (.009). In contrast, the power rule gives a much higher
probability of selecting option a (.909), because the ratio
between the EVs is much greater than the difference.

When Rodrigues and Murre (2007) fit the data from Er-
ickson and Kruschke’s (2002) experiment with the same
four models, but with a power rule instead of an expo-
nential rule, they found that fits to the data from all three
versions of ALCOVE were improved. In contrast, fits of
the data using ATRIUM were worse. Fits of ES-ALCOVE
and ALCOVEc were better than fits of ATRIUM when a
power rule was used in place of the exponential rule. A
comparison between fits of ATRIUM using the exponen-
tial rule and fits of ES-ALCOVE and ALCOVEc using the
power rule showed that all models yielded nearly identical
fits, with ES-ALCOVE performing the best.

Thus, the conclusions drawn from fits of these models
to the data were drastically different—indeed opposite—
depending on which action selection rule was used. To
our knowledge, the study described above is the only
systematic examination of the differences between expo-
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nential and power rules in the literature. These rules are
ubiquitous in models across a variety of domains, yet they
are seemingly used interchangeably, without regard to the
disparities between them.

Ratio and Difference Comparisons

The different assumptions made by the two action se-
lection rules raise an important empirical question: Are
people more likely to make decisions on the basis of the
ratio or the difference between the EVs representing each
option? This question has been examined in detail in the
psychophysics literature. Stevens (1957) argued for a
psychophysical law by which the subjective magnitude
of a stimulus is related to the physical magnitude by a
power function. This law was a reaction to the Weber—
Fechner law, which can be derived as an exponential func-
tion relating subjective magnitude to physical magnitude.
Birnbaum and colleagues (Birnbaum, 1978; Birnbaum,
Anderson, & Hynan, 1989) showed that participants can
use both ratio and difference operations when instructed
to do so. The comparative judgments involved in these
experiments were primarily of physical stimuli.

There is evidence that numerical magnitudes are com-
pared in much the same way as physical stimuli, such as
loudness or length (Hinrichs, Yurko, & Hu, 1981; Moyer &
Landauer, 1967). Moyer and Landauer asked participants
to determine which of two single-digit numbers was larger.
Reaction times (RTs) were inversely related to the numeri-
cal differences between the stimulus digits. Importantly, a
ratio function described the data better than one based on
absolute difference. Hinrichs et al. extended this work to
two-digit number comparisons. They asked participants to
determine whether the two-digit number presented on each
trial was larger or smaller than some standard (e.g., larger
or smaller than 55). They found evidence that two-digit
numbers are compared holistically (i.e., the tens and ones
digit places are not compared separately). In addition, they
found that both ratio and difference functions fit the data
well. However, the ratio function incorrectly predicted an
asymmetry around the standard, in which greater RTs were
expected for comparisons of larger numbers.

In this article, we present data from two behavioral ex-
periments in which participants received rewards analogous
to the rewards given in Decisions 1, 2, and 3 each time
they selected from one of two decks of cards. In each ex-
periment, participants in the control condition performed an
experience-based choice task in which they received 1-10
points for each draw. Participants in the ratio-preserving
condition performed the same task, except with reward val-
ues that had been multiplied by 10, so that the participants
received 10—100 points for each draw (in increments of
10). Participants in the difference-preserving condition per-
formed the same task as the control condition participants,
except with reward values that had been shifted by 80 points,
so that the participants received 81-90 points on each trial.

Exponential and power rules make opposite theoretical
predictions for participants in the difference-preserving
condition, who received reward values between 81 and
90 points. In this condition, the differences between the
EVs are the same as those in the control condition, but

the ratios between the EVs are much smaller than those in
the control condition. In this case, a power rule predicts
that participants in this condition will perform worse than
those in the control condition, because the probabilities
for selecting either deck will be nearly equal. In contrast,
an exponential rule predicts no difference.

The two rules also make opposite predictions for par-
ticipants in the ratio-preserving condition, who received
reward values between 10 and 100 points on each trial. In
this condition, the ratios between the EVs are the same as
those in the control condition, but the differences between
EVs are much greater. The exponential rule predicts bet-
ter performance for participants in the ratio-preserving
condition relative to the control condition, because the
exponential rule leads to larger differences in the selec-
tion probabilities. However, the power rule predicts no dif-
ference between these two conditions, because the ratios
between the EVs for each option are equal.

EXPERIMENT 1

In Experiment 1, participants were asked to draw from
one of two decks of cards on each of 80 trials. The decks
were constructed so that optimal responding required ex-
ploiting the deck that currently gave the highest reward.!
Figure 1A shows the points rewarded for selecting each deck
on each trial. Deck B gave the highest reward over the first
50 trials, and Deck A gave the highest reward over the final
30 trials. Thus, participants needed to draw from Deck B for
the first 50 trials and then draw from Deck A for the final 30
trials in order to perform optimally on the task.

To compare the predictions of the two choice rules, we
manipulated the reward values on the decks between partici-
pants as described above. To maximize the number of points
earned in the task, participants had to distinguish the high-
value deck from the low-value deck in order to exploit the
option with the highest expected reward on each trial. The
power rule predicts worse performance for the difference-
preserving condition relative to the control and ratio-
preserving conditions, whereas the exponential rule predicts
superior performance for the ratio-preserving condition rela-
tive to the control and difference-preserving conditions.

Method

Participants. Thirty University of Texas at Austin students par-
ticipated in the experiment for course credit or monetary compensa-
tion (86 base pay). Participants were told that their goal was to earn
as many points as possible and that they could earn a $4 monetary
bonus if they exceeded a prespecified performance criterion.

Materials. Participants performed the experiment on a personal
computer, using MATLAB software. A deck appeared on the bottom
half of each side of the screen. After each draw, the selected card value
was displayed. On the right side of the screen, the phrase “Points re-
quired for the bonus” was shown, followed by the points required in
each condition. Below this, the phrase “Your points” was shown, fol-
lowed by the number of points each participant had earned.

Ten participants each were assigned to the control, difference-
preserving, and ratio-preserving conditions. The participants in the
control condition received reward values between 1 and 10 points
on each draw, the participants in the difference-preserving condition
received reward values between 81 and 90 points on each draw, and
the participants in the ratio-preserving condition received reward
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Figure 1. (A) Points given for selecting each deck on each trial in Experiment 1. (B) Points given for selecting

each deck on each trial in Experiment 2.

values between 10 and 100 points on each draw. For the control
condition, Deck A gave values that averaged 3 points during the
first 30 trials, 4 points over the next 20 trials, and 7 points over the
final 30 trials, whereas Deck B gave values that averaged 8 points
over the first 30 trials, 6 points over the next 20 trials, and 3 points
over the final 30 trials. The specific deck values were determined by
choosing a random point value with the relevant mean and a standard
deviation of .88, with all values being rounded to the nearest whole
number. The reward values given on each trial were identical for
the difference-preserving and ratio-preserving conditions, except
that 80 points were added to each reward given for the difference-
preserving condition, and each reward was multiplied by 10 points
for the ratio-preserving condition. For the control condition, the
maximum number of possible points that could be earned was 570,
and the performance criterion was set at 550 points in order to ensure
that a highly exploitative strategy was required in order to earn the
monetary bonus. The performance criterion was adjusted accord-
ingly for the difference-preserving condition (6,950 points) and the
ratio-preserving condition (5,500 points).

Procedure. Participants were instructed to pick from one of two
decks of cards. Information was given on the reward scale for each
condition. Control condition participants were told that they would
receive between 1 and 10 points, difference-preserving condition
participants were told that they would receive between 81 and 90
points, and ratio-preserving condition participants were told that
they would receive between 10 and 100 points. The participants were
not given any information about the rewards given for selecting ei-
ther deck, other than the range of possible rewards. There were 80
trials. After each draw, a card was turned over, the number of points
received was shown, and the points were added to the total number
of points, which was listed on the right side of the screen. The last
card drawn from each deck remained visible until another card was
drawn from that deck. After participants had completed the experi-
ment, they were given the bonus if they had earned it.

Results
In order to compare the point totals across condi-
tions, points earned by participants in the difference-
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preserving condition were scaled by subtracting 80 points
from each reward, and points earned by participants in
the ratio-preserving condition were scaled by dividing
each reward by 10. Figure 2A shows the average number
of adjusted points earned in each condition. A one-way
ANOVA revealed a main effect of condition [F(2,27) =
4.27, p < .05, n? = 24]. Pairwise comparisons revealed
significantly better performance in the control condition
(M = 530.67) than in the difference-preserving condition
(M = 497.34) [F(1,18) = 4.85, p < .05, 2 = .21]. Like-
wise, participants in the ratio-preserving condition (M =
533.62) earned significantly more points than did partici-
pants in the difference-preserving condition [F(1,18) =
5.80, p < .05, 2 = .24]. However, there was no signifi-
cant difference between the control and ratio-preserving
conditions.

We next analyzed the proportion of optimal choices
made by each participant on each trial. Recall that Deck B
gave higher rewards than Deck A on the first 50 trials, and
Deck A gave higher rewards than Deck B on the last 30
trials. Thus, an optimal choice was defined as selecting
Deck B for the first 50 trials and Deck A for the final 30
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Figure 2. (A) Average total adjusted points earned by partici-
pants in each condition in Experiment 1. (B) Average proportion
of optimal choices made by participants in each condition in
Experiment 1.

trials. Figure 2B shows the average proportion of optimal
choices made by participants in each condition. The pat-
tern is the same as that of the total adjusted points earned
data. A one-way ANOVA revealed a significant main ef-
fect of condition [F(2,27) = 4.41, p < .05, 2 = .24].
Pairwise comparisons revealed that a significantly larger
proportion of optimal choices was made in the control
condition (M = .87) than in the difference-preserving
condition (M = .76) [F(1,18) = 4.56, p < .05, 2 = .20]
and in the ratio-preserving condition (M = .87) than in the
difference-preserving condition [F(1,18) = 5.07, p < .05,
n? = .22]. Once again, there was no difference between
the control and ratio-preserving conditions.

Discussion

These data support the predictions made by the power
rule but not the exponential rule. When the reward values
were shifted so that the difference between EVs remained
constant, participants’ performance was significantly
worse than in the control condition. In contrast, when the
reward values were multiplied, so that the ratio of the EVs
remained constant, participants’ performance was compa-
rable to that in the control condition. These data suggest
that human learners have difficulty exploiting the option
with the highest EV in situations where the ratio between
the EVs is low.

The differential performance between the control and
difference-preserving conditions cannot be due merely to
participants in the difference-preserving condition having
to process larger reward values, because participants in
the ratio-preserving condition also received numerically
larger rewards than did participants in the control con-
dition. Although those in the ratio-preserving condition
received smaller rewards than did those in the difference-
preserving condition, we did not find an inverse relation-
ship between relative points earned and numerical magni-
tude of rewards.

We did not find strong support for the prediction of the
exponential rule that participants in the ratio-preserving
condition would be more likely than participants in the
control condition to exploit the option with the highest EV
on each trial and, thus, earn more points. However, par-
ticipants in the ratio-preserving condition did earn slightly
more points than did participants in the control condition,
and they also made slightly more optimal choices.

To further test the predictions of each model, we de-
signed a second experiment in which the optimal deck
would switch more periodically. The motivation behind
Experiment 2 was to replicate the findings of inferior
performance for participants in the difference-preserving
condition and to design a more difficult task that might
better differentiate performance between the control and
ratio-preserving conditions. In Experiment 1, the aver-
age proportion of optimal choices made by participants
in the control and ratio-preserving conditions was very
high (nearly 90%). Thus, it is possible that ceiling ef-
fects in these two conditions might have masked any true
behavioral differences. By creating a less stationary en-
vironment where the optimal deck switched more often,
overall performance should be further from optimal,
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leaving room for us to observe performance differences
between the control and ratio-preserving conditions.

EXPERIMENT 2

In Experiment 2, we used a very different deck struc-
ture than we did in Experiment 1. At the start of the study
in Experiment 2, one deck was optimal and the other was
suboptimal. The decks switched status every 10 trials.
When a given deck was optimal, it averaged seven points
per card (in the control condition), whereas the subopti-
mal deck averaged three points per card. Figure 1B shows
the points rewarded for selecting either deck on each trial.
In this experiment, we examined whether the inferior
performance of participants in the difference-preserving
group is a robust phenomenon. We also tested the supe-
rior performance for participants in the ratio-preserving
condition, as compared with participants in the control
condition, that is predicted by the exponential rule. As dis-
cussed above, this more difficult task may allow us to see
differences between the ratio-preserving condition and the
control condition that may have been masked by a ceiling
effect in Experiment 1.

Method

Participants. Thirty University of Texas at Austin students par-
ticipated in the experiment for course credit or monetary compensa-
tion ($6 base pay). Participants were told that their goal was to earn
as many points as possible in order to earn a $4 bonus.

Materials. Ten participants each were placed in the control,
difference-preserving, and ratio-preserving conditions. For partici-
pants in the control condition, Deck A gave reward values that aver-
aged seven points per draw (SD = 0.88), and Deck B gave reward
values that averaged three points per draw (SD = 0.88) over the first
10 trials of the experiment. After 10 trials, the rewards given by the
two decks reversed, so that during Trials 11-20, Deck B averaged
seven points per draw and Deck A averaged three points per draw.
The reward values reversed in this manner every 10 trials throughout
the remainder of the experiment. We chose such a periodic design so
that each deck would produce the same number of optimal draws.

As in Experiment 1, participants in the difference-preserving con-
dition received the same reward values as participants in the control
condition on each trial, except that 80 points were added to each
reward value so that they received rewards ranging from 81 to 90
points on each trial. Similarly, participants in the ratio-preserving
condition received the same rewards as those in the control condi-
tion, except that each reward value was multiplied by 10 points so
that they received rewards ranging from 10 to 100 points in incre-
ments of 10. The maximum number of points a participant in the
control condition could earn on the task was 560. The bonus was set
at 525 points, which meant that participants had to be very vigilant
in selecting the deck with the highest payoff. The bonus was adjusted
accordingly for participants in the difference-preserving condition
(6,925 points) and for participants in the ratio-preserving condition
(5,250 points).

All other materials were the same as those used in Experiment 1.

Procedure. The procedure was identical to the procedure for
Experiment 1.

Results

Asin Experiment 1, we analyzed the total number of ad-
justed points earned by each participant in the task using
the same procedure outlined in Experiment 1. Figure 3A
shows the average number of adjusted points earned in each

condition. An ANOVA revealed significant differences
between conditions [F(2,27) = 8.18, p < .01, 2 = .38].
Pairwise comparisons revealed that, once again, partici-
pants in the difference-preserving condition (M = 450.9)
earned significantly fewer adjusted points than did par-
ticipants in the control condition (M = 485.1) [F(1,18) =
5.15, p < .05, n? = .22] or in the ratio-preserving condi-
tion (M = 504.2) [F(1,18) = 12.59, p < .01, 52 = 41].
Interestingly, we also found that participants in the ratio-
preserving condition earned significantly more adjusted
total points than did participants in the control condition
[F(1,18) = 4.46, p < .05,7n2 = .20].

We also analyzed the proportion of optimal choices in
each condition. In this experiment, an optimal choice en-
tailed selecting from the deck that gave the highest pay-
off. Figure 3B shows the average proportion of optimal
choices in each condition. An ANOVA revealed a signifi-
cant effect of condition [F(2,27) = 8.37, p < .01, 2 =
.38]. Pairwise comparisons showed that participants in the
difference-preserving condition (M = .643) made signifi-
cantly fewer optimal choices than did participants in the
control condition (M = .764) [F(1,18) = 5.83, p < .05,
n? = .25] or in the ratio-preserving condition (M = .818)
[F(1,18) = 12.23, p < .01, % = .40]. The difference in the
numbers of optimal choices between the ratio-preserving
condition and the control condition was marginally sig-
nificant [F(1,18) = 3.93, p < .10, 2 = .18].
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Figure 3. (A) Average total adjusted points earned by partici-
pants in each condition in Experiment 2. (B) Average proportion
of optimal choices made by participants in each condition in
Experiment 2.
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Discussion

Consistent with the results of Experiment 1, participants
in the difference-preserving condition were less able to ex-
ploit the option with the highest EV than were those in the
control and ratio-preserving conditions. These participants
earned fewer points and made fewer optimal choices than
did participants in the control condition. These results con-
firm the prediction made by the power rule that as the ratio
between the best and worst options decreases, the prob-
ability of exploiting the more rewarding option decreases.
In contrast, this result contradicts the prediction of the ex-
ponential rule that the difference, and not the ratio, between
the EV of each option governs responding.

In Experiment 2, we found that participants in the ratio-
preserving condition earned more points than did partici-
pants in the control condition and made marginally more
optimal choices throughout the task. These results support
the prediction of the exponential rule that as the difference
between the best and worst options increases, the prob-
ability of exploiting the more rewarding option increases.
This pattern suggests that there may have been a ceiling
effect in Experiment 1 that masked the difference between
the ratio-preserving condition and the control condition.

These combined results suggest that shifting the scale
of the reward values (as in the difference-preserving
condition) may lead to rewards that are not as perceptu-
ally discriminable, whereas magnifying the scale of the
reward values (as in the ratio-preserving condition) may
lead to rewards that are more perceptually discriminable.
Although we have so far found stronger evidence support-
ing the predictions of the power rule than supporting the
predictions of the exponential rule, note that the expo-
nential rule correctly predicted the advantage found for
participants in the ratio-preserving condition in Experi-
ment 2. Thus, both rules make some correct predictions
about choice behavior, and human learners may be able
to compare EVs of alternate options via either ratio or
difference operations.

GENERAL DISCUSSION

Our goal in conducting these experiments was to test
the empirical validity of behavioral predictions derived
from the ratio and exponential action selection choice
rules that are commonly used in a wide range of cogni-
tive domains (e.g., Busemeyer & Stout, 2002; Daw et al.,
2006; Kruschke, 1992; Love et al., 2004; Maddox &
Ashby, 1993; Medin & Schaffer, 1978; Minsky & Papert,
1968; Nosofsky, 1986; Reed, 1972; Rodrigues & Murre,
2007; Rumelhart & McClelland, 1986; Sutton & Barto,
1998; Worthy et al., 2007; Yechiam et al., 2005). Even
though these two types of rules are often used, there is
typically no justification for selecting one rule over the
other (for exceptions, see Corrado et al., 2005; Daw &
Doya, 2006; Rodrigues & Murre, 2007). However, the dif-
ferential output of the choice rules when EVs of varying
ratio or differences are inserted is of importance to model-
ers and empirically minded scientists alike.

We found evidence that participants can use both ratio
and difference operations to compare expected rewards in

experience-based decision-making tasks. In Experiments
1 and 2, we found that lowering the ratio between the re-
wards given for each deck decreased exploitation of the
best option. In addition, Experiment 2 demonstrated that
increasing the difference between the rewards increased
exploitation. In the remainder of this section, we discuss
the implications of our findings for several other fields.

Implications for Prospect Theory

In this article, we found that participants were less likely
to exploit the best option as the ratio between the options
decreased but the difference was held constant. This pat-
tern of data is congruent with the negatively accelerated
value function in prospect theory (Kahneman & Tversky,
1979). For example, the difference in value between a gain
of $5 and a gain of $10 appears to be greater than that
between a gain of $85 and a gain of $90. This fits in with
predictions derived from the power rule, where the ratio
between EVs determines choice. Our results, combined
with evidence for prospect theory’s value function, indicate
that ratio operations may be the primary operation used by
humans to make comparisons of subjective value.

However, the value function is based on one’s current
reference point, not on absolute magnitude. Participants
who received rewards between 81 and 90 points failed to
discriminate the better option as well as participants who
received rewards between 1 and 10 points did. However,
they should not have had difficulty if they were able to
establish a reference point between 81 and 90 units before
the task began. These results suggest that people may have
a natural reference point around 0, and that experience is
needed to develop a new reference point (i.e., instructions
may not be enough).

The distinction must also be made between the present
experience-based choice paradigm and the description-
based choice paradigms often used to support prospect
theory. In description-based choice tasks, participants are
asked to make a choice between two options with known
probabilities (e.g., choose between Option A, to gain $4
with .8 probability or $0 otherwise, and Option B, to gain
$3 with certainty). In contrast, in experience-based choice
tasks, the decision maker must determine the value of each
option by repeated sampling.

The results of several recent studies have shown differ-
ences in decision making depending on whether decisions
were made on the basis of description or experience (e.g.,
Barron & Erev, 2003; Hertwig, Barron, Weber, & Erev,
2004; Weber, Shafir, & Blais, 2004). One notable differ-
ence is that in description-based choice tasks, participants
often overweight rare events, whereas in experience-
based tasks, participants underweight rare events (Barron
& Erev, 2003; Hertwig et al., 2004). Future work should
examine decision-making biases across both contexts in
order to gain a more complete understanding of how hu-
mans make subjective value comparisons.

Ratios, Differences, and Numerical Comparison
Our results suggest that human participants are able to

compare expected rewards by either ratio or difference op-

erations but that altering the ratio between rewards leads to
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the most drastic changes in behavior. These results may in-
form psychophysical theories of comparisons of subjective
magnitudes and may help to extend these theories to com-
parisons of expected numerical rewards. Previous research-
ers examining numerical comparison found evidence that
numbers are compared by both ratio (Moyer & Landauer,
1967) and difference (Hinrichs et al., 1981) operations.

Although we interpret our finding of inferior perfor-
mance for the difference-preserving condition relative to
the control condition as evidence that ratio operations are
used to determine which choice to make, it is possible that
the numbers used in the difference-preserving condition
(81-90) are in some way more awkward, complex, or unfa-
miliar than those in the control (1-10) and ratio-preserving
(10—-100) conditions. There is evidence that numbers are
processed holistically, rather than decomposed into units
(Dehaene, Dupoux, & Mehler, 1990; Hinrichs et al., 1981),
and there is no previous evidence that larger numbers are
more difficult to compare. Additionally, even if numbers
are decomposed into units simultaneously during process-
ing, comparisons in all three conditions relied on only a
single digit. The control and difference-preserving condi-
tions relied on the ones digit, and the ratio-preserving con-
dition relied on the tens digit for comparison. It is possible,
however, that the 8 in the tens digit position distracted par-
ticipants in the difference-preserving condition to such a
degree that it led to their inferior performance. Future work
should examine whether the differences found here are a
product of the comparison operation used, as we suggest, or
simply due to a deficiency in numerical processing.

It is important to examine the operations used to make
value comparisons in other domains as well. We have
pointed out relations of this work to other decision-making
tasks and to comparative judgment tasks. However, there
are noticeable differences between the present task, in
which differences between the two options must be learned
from experience, and numerical comparison tasks, in which
two options are presented simultaneously and a compara-
tive judgment is made. One area in which ratio and differ-
ence judgments could be tested is feedback-based category
learning. This kind of category learning task is similar to the
present experience-based choice paradigm in that informa-
tion is gained through sampling, rather than by description.
For example, consider two categories in which the members
are lines that vary in length. It would be interesting to ex-
amine whether changes in the ratios or differences between
the line lengths characteristic of members of each category
affect category learning performance. Resolution of these
questions will allow for a more complete understanding of
the comparison operations that people use to make deci-
sions based on experience.

Conclusion

Our results are informative for models of choice, be-
cause they suggest that using only a power rule or only an
exponential rule to model human behavior may not ade-
quately encompass the processes used to make a decision.
Although the differences between the outputs of these two
types of rule are often negligible, they are nevertheless

worthy of consideration when modeling behavior. Here,
we have shown how two popular action selection rules
make contrasting theoretical predictions about choice be-
havior and that the predictions of each rule diverge from
people’s performance under some conditions. Humans
and learning models process rewards or input values of
varying magnitudes quite differently, and these differ-
ences should not be simply ignored.
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NOTE

1.We define exploitation as selecting the option with the highest EV
and exploration as selecting the option with a lower EV.

APPENDIX

Power Rule

It can be shown that for two-choice alternatives, the power rule reduces to the ratio between the

two alternatives.

Let x represent the EV of choice a, y represent the EV of choice b, and r represent the ratio

between x and y.

Let
X
P
and g
y=-
The power rule can then be stated as
X
B =
x+=
X
1
(1 + j X
r
_ r
A+r)’

so that x cancels out, and only the ratio of x and y remains.
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APPENDIX (Continued)

Exponential Rule
Similarly, it can be shown that the exponential rule reduces to the difference between the two

alternatives.

Let x represent the EV of choice a, y represent the EV of choice b, and d represent the difference
between x and y.

Let

d=y—x
and
y=d+nx

The exponential rule can then be stated as
X
e

- (d+x)

at
e +e

(i)
1+e? )

so that x cancels out, and only the difference between x and y remains.
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